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The open-loop solution of the soft-constrained time-optimal control problem can be efficiently computed in
terms of the controllability Grammian matrix, but a closed-loop implementation was found to be cumbersome.
This control was observed to have a saturation property strongly reminiscent of the hard-constrained time-opti-
mal control problem. In this paper, we present a theoretical justification for the observed saturation and propose
a modification of the problem statement that gives a suboptimal solution and results in a drastically simpler
implementation of the feedback time-optimal soft-constrained control. Moreover, we generalize the proposed
approach to generate a family of saturating control laws occupying a middle ground between linear state-feed-
back and hard-constrained time-optimal controls. For illustration, we consider the simultaneous slewing and
vibration suppression of an undamped flexible beam that is reducible to a marginally stable linear system. As
an example, we design a simple and elegant feedback control law where the regulation time and control amplitude
saturate like the square root of the norm of the state vector.

I. Introduction

I N this paper, we are concerned with designing regulators
for linear plants of the form x = Ax + bu, where the control

u takes any state to the target (the origin of the state space
x = 0). Our study was motivated by the problem of the simul-
taneous slewing and vibration suppression of a flexible beam
with application to the NASA SCOLE experiment,1 and other
problems in flexible robots and space systems.2

Linear state-feedback (LSF) control of linear systems, which
has the form u = Kx where K is a constant gain vector, has long
been mature, and many powerful techniques are available.3 To
obtain better disturbance rejection, insensitivity to parameter
errors, minimum steady-state error, faster response, and more
robust stability, one usually needs to prescribe higher gains,4
thus requiring high levels of actuation when the state becomes
large. Therefore, the LSF performs well as long as the states
remain close to the targeted origin, but it may induce or suffer
from actuator failure or underperformance due to the high
actuation neded for large states. Clearly, LSF control design
does not take into account the physical limitations of the actu-
ators. In practice, these limitations may ultimately force the
design engineer to redesign the control and give up the advan-
tages of high gains. This is an impasse that one needs to con-
tend with if one insists on using linear time-invariant control
gains, and it is a reflection of a more basic tradeoff between
limited control and fast response.5

An explicit and intuitively appealing statement of this trade-
off is the so-called hard-constrained time-optimal (HCTO)
control problem,6'10 where the limitations on the control are
explicitly stated in the form of an inequality constraint \u(t)\
^ "max- The objective in the HCTO problem is to minimize the
final time necessary to transfer a state to the origin. This
approach, however, has fallen out of grace because of the
difficulty involved in obtaining an open-loop solution for a
general linear system,11 let alone nonlinear systems,7 or obtain-
ing a closed-loop implementation.12

The general approach of variable structure (VS) control13

also can be used to answer or remedy the tradeoff between
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limited control and fast response. The control law assumes
different forms/structures in different regions of the state
space, hence resulting in a nonlinear control scheme. A more
conspicuous remedy can be found in the finite horizon linear
quadratic regulator (LQR) methodology,14'16 which results in a
time-varying gain history even for a linear time-invariant
plant. For a stable plant, the gains typically start small and
then increase toward the end of the maneuver17; i.e., as the
state comes closer to the targeted origin. Attempts to reliably
implement the LQR feedback control invariably resort to in-
dexing the gains on the (estimated/expected) time-to-go, or
other measures of the current state distance from the ori-
gin.17'18 Ultimately, this transforms the problem to one of gain
scheduling, which is fundamentally nonlinear.

The soft-constrained time-optimal (SCTO) control problem
drops the control inequality constraints of the HCTO control
problem and includes a penalty on the control action in the
cost function.19'22 A brute-force approach to the solution of
this problem consists of solving a series of LQR problems
indexed on the final time,18 and it is not clear that a feedback
implementation can be achieved. Another concern is that the
relation between the HCTO and SCTO controls is not known,
and hence, it is not clear that the SCTO control has the desired
properties of the HCTO control, such as the ability of the
design engineer to include the known limitations of the actua-
tors in the design process. We addressed these concerns in Ref.
23. In it, a solution for the SCTO open-loop problem was
obtained in terms of the controllability Grammian,24 which
requires finding the (many) roots of a scalar nonlinear alge-
braic equation. Continuation techniques were subsequently
used to design a feasible but involved feedback control algo-
rithm. Moreover, numerical simulations suggested that the
SCTO control is bounded, but no definitive assertions or clear
design procedures were given.

When we closely examine the fundamental aspects of LSF,
LQR, HCTO, SCTO, gain scheduling, and VS controls, a
pattern emerges. When the state is close to the origin, a LSF
control that is fast, robust, simple, etc., should be used, usu-
ally requiring high gains. As the state to be regulated becomes
larger, the gains should be reduced because of the actuator's
physical limitations. Therefore, the structure of the control
has to be a nonlinear/saturating function of the state, resulting
in a nonlinear, probably VS, control. (That the control will be
nonlinear seems to be unavoidable.) Because the control is now
constrained, the amount of time necessary to complete the
regulation of the origin becomes crucial. The formulation of
the HCTO control becomes attractive, but this control has no
readily available feedback implementation. A viable aherna-
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tive seems to lie in the SCTO feedback control, which is con-
nected to the LQR methodology and gain scheduling. Few
important questions remain, however, to be addressed. For
instance, can the SCTO control be substituted for the HCTO
control? Is the SCTO bounded in some sense? Can the feed-
back implementation be simplified? And at what expense?

In this paper, we address some of these questions. We first
discuss the philosophy underlying the statements of time-opti-
mal control problems and the features that make them impor-
tant and appealing. Namely, we argue that the defining pro-
perty of these problems is that the control "saturates" as the
norm of the state vector increases. For the hard-constrained
control, the control saturation is uncompromising and en-
forced by inequality constraints. This stands in contrast to the
LSF control that is proportional to the state vector and hence
does not saturate at all. For an undamped harmonic oscillator,
the regulation time of the LSF-controlled system "saturates"
quite severely as the state becomes larger, whereas the final
time of the HCTO control does not saturate at all. Therefore,
we study and compare the saturation properties of the control
amplitude and regulation times for the LSF, HCTO, and
SCTO controls. Based on this discussion, we argue that there
should be a family of control laws that occupy a middle
ground between the HCTO and LSF controls. Using our un-
derstanding of the SCTO control, we propose a design proce-
dure that produces this family of control laws.

II. Soft-Constrained Time-Optimal Control:
A Digression

A. Problem Formulation and Open-Loop Solution
The linear state-space model is

x(t) = Ax(t) + bu(t) (1)

where x(t) € (R" and u(t) € (R. The open-loop, soft-con-
strained, time-optimal problem consists of finding a measur-
able function u ( t ) that drives the state *(0) to the target point
x ( t f ) - Q in the time interval [0,fy], while minimizing

= h(tf) + -p w2(r)dr, p>0 (2)

subject to the dynamics constraint in Eq. (1). The cost function
/ is a weighted combination of h(tf)9 a measure of the free
final time, and of a measure of the control effort, with p being
a tradeoff parameter. The standard SCTO control problem
postulates h(tf)-tf and p = constant. We define the varia-
tional Hamiltonian

(3)

where X(0 € (R71 is the costate vector. The optimal solution
satisfies the state equations stated in Eq. (1) and the Euler
equations given by

(4)

(5)

(6)

Equations (1-6) constitute a nonlinear two-point boundary-
value problem (TPBVP). The differential equations are linear,
but the transversality condition in Eq. (6) is nonlinear. The
solution of the problem was described in Refs. 22 and 23
and is straightforward once the optimal final time is found.

= -AT\(t),

for 0</< /y , the boundary conditions

x(0)given, x ( t f ) = 0

and the transversality condition

H(tf) = JC

If the optimal final time was known, the costate X(0 would be
given by

A(0 = e -^'X(O), X(0) = p[W(tf)] ~ lx(Q) (7)

where W(tf) is the controllability Grammian matrix defined as

(8)W(tf)= v(r)vr(T)dT,
o

where v ( t ) is the time-reversed impulse-response vector of the
time-invariant system in Eq. (1). The controllability Gram-
mian matrix is symmetric, and it is strictly positive definite for
t > 0 if and only if the pair (A , b) is controllable.24 In this case,
the inverse of the controllability Grammian exists, and it is
symmetric and positive definite. The control is obtained with
Eq. (7), and its initial value w(0) is given by

= -yT(tf)x(0)

where y(tf) is a gain vector defined as

(9)

(10)

The optimal value of the final time is a solution of the
transversality condition that can be written in the form

h'(tf)= Y2P[xT(Q)z(tf)]2

z ( t f ) = [ W ( t f ) ] - l v ( t f )

Furthermore, the cost function can be expressed as

(11)

(12)

J = h(tf) = h(tf)
(13)

which can be easily evaluated for any tf satisfying the neces-
sary condition in Eq. (11). The values of the cost function
corresponding to all the extremum values of tf can be com-
pared and the globally minimizing value of tf can be singled
out. The globally optimal control can then be computed.

Next, we discuss the possible choices of h(Q) and describe
the choice proposed in Ref. 22. We know23 that W(B) be-
comes increasingly ill conditioned as 0^0 and is not reliable
for 0<rmin, where Tmin is some parameter that depends on
W(Q) and is chosen by the design engineer. Clearly, one should
avoid assigning a very small value to 6 in order to avoid in-
verting a numerically ill-conditioned matrix in Eqs. (7), (10),
and (12). To ensure numerical accuracy, we modify the cost
function so as to penalize very small values of the time to go;
specifically, we define a new function

(14)

where r/ and /*/ are design parameters satisfying r />0 and
/i/>0. Therefore, /z"(0) = £,/*/(! +ji/)T/0-'4l '-2>0, and h'(B)
is a monotone increasing function of 0. Hence, the equation
/z'(0) = 0 admits a unique positive root r/. It follows from
Eq. (14) that the time-to-go satisfies 0>r/. A proper choice
of TJ and m will specify a value for r/>rmin that guarantees
a numerically well-conditioned controllability Grammian. Ad-
ditional design considerations can be used to further specify Tf
and fjij.

B. Nominal Feedback Control
Equation (9) can be interpreted as follows. For the initial

state jc(0), the initial value «(0) of the control u ( t ) that drives
x(Q) to the origin optimally in time //is given by Eq. (9). Since
the time origin is arbitrary, we rewrite Eq. (9) as

(15)


